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A SURVEY OF INCRO_MPRESSIBLE, TWO-DIMENSIONAL 

UNSTEADY BOUNDARY LAYERS. 

1.1. Introduct ion.  

Boundary l a y e r s  are formed on bodies  i n  moving f l u i d s  
due to  t h e  a c t i o n  of v i s c o s i t y .  
and body conf igu ra t ions  and t h u s  t h e  range of unsteady bow,dary 
layers is  la rge .  For the purpose of t h i s  paper,  o n l y  a narrow 

. class of incompressible,  two-dimensional boundary layers w i l l  
be discussed.  Thus compressible f l o w  of a l l  t ypes  w i l l  be 
excluded as w i l l  boundary l a y e r s  on curved su r faces ,  r o t a t i n g  
s u r f a c e s  and any o t h e r  t h r e e  dimensional bodies. 

The term unsteady is f u r t h e r  restricted to  describe 
motions i n  o n l y  t h r e e  forms: impulsive s t a r t i n g ,  accelerated 
and harmonic motions. S t r i c t l y  speaking, t h e  impulsive s t a r t i n g  
i s  assumed t o  be a c c e l e r a t i o n  over  a d i s t a n c e  s h o r t  compared 

There are many types of flow 

with t h e  body length.  
Despi te  t hese  r e s t r i c t i o n s  t h e  paper w i l l  b r i n g  o u t  t h e  

e s s e n t i a l  f e a t u r e s  of t h e  subject by s e t t i n g  o u t  t h e  b a s i c  
equat ions  and then p rogres s ive ly  working through t h e  important  
problems and s o l u t i o n s  r e l e v a n t  t o  the subject. 

2.1. The Navier Stokes’  Eauations. 

The s u b j e c t  is of course founded on a s tudy  of t h e  
Navier Stokes’ Equations which i n  incompressible  f l o w  arc most 
simply w r i t t e n  as: 

where p = f l u i d  d e n s i t y  
w = v e l o c i t y  v e c t o r  

p = surface force. 
The equat ion of c o n t i n u i t y  is o f t e n  requi red  and is: 

p = v i s c o s i t y  

Eqn. 9.. 

Eqn. 2. 

If t h e  flow i s  assumed independant of t h e  B d i r e c t i o n  
equat ion  1 becomes: 

= - & +‘,,a’K Eqn. 3. 
a 3% d x  
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For cases  where boundary layer theory  is app l i cab le ,  t h e  p re s su re  

3.1. Impuls ive ly  - Startd-_P)_ay_e_ Wall. 

Although t h i s  problem is  o f t e n  referred t o  Rayleigh, 
Stokes'  obtained t h e  s o l u t i o n  first and thus  i t  is  more c o r r e c t l y  
known as Stokes '  f i r s t  problem. The n a t u r e  of a t r u e  impulsive 
s t a r t  is probably very  d i f f i c u l t  t o  d e f i n e  and al though t h e  

problem refers to  i t  as such, t h e  real implied meaning i s  
t t acce le ra t ion  over  a d i s t a n c e  very  s h o r t  i n  comparison with 
body l eng th  scales". 

s e m i  i n f i n i t e  reg ion  of incompressible  f l u i d  bounded by an im- 
pervious r i g i d  p lane  'undergoing a sudden a c c e l e r a t i o n  to  a 
s teady  ve loc i ty .  
For zero p res su re  g r a d i e n t  equat ion 3 becomes: 

Nevertheless ,  a s o l u t i o n  can be found to  t h e  problem of a 

Eqn. 4. 

which i s  also known a s  a d i f f u s i o n  equation. The boundary 
cond i t ions  t o  be sat isf ied are: 

and assumption 

enables t h e  o rd ina ry  d i f f e r e n t i a l  equat ion  to  be obtained:  

li = Uofc, )  

with boundary cond i t ions  
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The s o l u t i o n  is: 

Eqn. 5. 

where 

The v e l o c i t y  d i s t r i b u t i o n  r e s u l t i n g  from equatici! 5 i s  shown 
i n  Fig. I. 

Boundary Layer Thickness .  

Defining t h e  boundary layer depth  as t h a t  a t  which the  
v e l o c i t y  is 99% of t h e  free stream value ,  i t  is clear t h a t  
when U f c  

a r y  l a y e r  depth. A t  Ufc = 0 . 0 1 , ~ i s  given as 2.0. Thus 
= 0.01 t h i s  r e s u l t s  i n  t h e  equat ion g iv ing  t h e  bound- 

Eqn, 6. 
6 a 4 G  

T h i s  r e p r e s e n t s  t h e  depth of pene t r a t ion  of v o r t i c i t y  c rea t ed  
a t  the p l a t e  and i t s  outward d i f fus ion .  It has  a similar 
analogy i n  heat conduction. 

A more complete Solut ion.  - 
The r e s u l t  given by equat ion 5 is t h e  first approximation 

for both two dimensional and ax isymetr ic  cases. 
n o t  t he  complete s o l u t i o n  t o  the  problem of an impu>sive ly  
s t a r t e d  p lane  wall. If t h e  w a l l  i s  allowed to  be of f i n i t e  
l eng th  upstream then a f u r t h e r  condi t ion  must be satisfied: 

However i t  is 

a t  x - 0 ,  u = o for'a11 y, t 
E f f e c t i v e l y  then,  equatior,  5 i s  t h e  s o l u t i o n  when t h e  upstream 
edge is s u f f i c i e n t l y  far away to  have n e g l i g i b l e  effect on t h e  

flow. 
B l a s A U s  considered t h i s  problem and assumed t h a t  a 

stream funct ion  could be def ined  as a power series i n  time: 

where 5. and {, are func t ions  of "\ 



as  

Now i n  t h e  f irst  i n s t a n c e  a f t e r  t h e  motion has  started from 
rest the boundary l a y e r  i s  very  t h i n  and t h e  v i scous  t e r m  
i s  very  l a r g e  whereas t h e  canvect ive terms are of normal size. 

The v iscous  term i s  then balanced by t h e  non s teady  
a c c e l e r a t i o n  &!& 

con t r ibu t ion  & 
t oge the r  with t h e  p re s su re  t e r m  of which t h e  
i s  of most importance. 

t 
If  w e  aflow t h e  v e l o c i t y  t o  c o n s i s t  of two terms 

u ( n , - y ,  c-) = l L ( x 2 y ,  t )  .b L(,(X,L,, 0 
The first approximation & t h u s  satisfies t h e  equat ion  

7 2b + 1-13 u e  
Eqn. 8.  - h/* c- 

ak z w 
with boundary cond i t ions  3 " O  c1" = 0 

y s o o  * u u  = UC.i,t> 
(assuming a system of coord ina tes  s t a t i o n a r y  r e l a t i v e  t o  t h e  
plane wal l  1 . 

P u t t i n g  i n  u and v i n t o  equat ion  8 r e s u l t s  i n  

as a first 

Equation 8 
Fig. 1. 

approximation,with boundary condi t ions :  
I (. = < e  .=o lut 2 = o  

= I  J "1 t - m  
-h. 

r e s u l t s  i n  the s o l u t i o n  given i n  equat ion  5 and 

Returning t o  t h e  approximation culminat ing i n  equat ion  8 ,  
t h e  equat ion for t he  second approximation Y,  is obtained by 
c a l c u l a t i n g  t h e  convect ive terms from k This resul ts  i n :  

wi th  boundary condi t ions :  
u, = o  crt y = 0 
Y I Z O  C d  'j = m  
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with boundary cond i t ions  
T t  = 7,' = o  & "L = -  

= 0 cct. 9:- 
The so lu t ion  f o r  t h e  second approximation as der ived  by 
Blas ius  i s  

Trans i t i on  from Stokes '  f i r s t  problem flow t o  S l a s i u s  
impulsively s t a r t e d  p lane  f l o w .  

Stewartson (1951) considered i n  more d e t a i l  the  connection 
between an i n f i n i t e  and f i n i t e  p l a t e  moving from rest impul- 
s ive ly .  
analogy (Rayleigh a l s o  solved Stokes '  f i r s t  problem) i n  which 
i t  i s  assumed t h a t  a l l  convection takes  p lace  a t  t h e  free 
stream ve loc i ty .  

i .e.  c3y = -uau + + a &  Eqn. 11. 

The first method of approximation used Rayleiqh 's  

Thus t h e  term Uau - i s  dominant i n  equat ion  1 
a x  

ax v - a t  
by de f in ing  $, 

Ty 

equat icp  11 can 

u =  
u =  

= P  
- E!! 

IC 
be shown to  have t h e  s o l u t i o n s  

when 

Thus for 7 4 0  t h e  flow is  independent of * (Blasius flow) 
but  f o r  "r ,I 

as t h t  t i m e  for motion increases, t h e  flow over  a p l a t e  changes 
a t  T = f  from B l a s i u s  t o  Rayleigh flow. This  first approximation 
is va l id  only  near t h e  edge o f  t h e  boundary l aye r .  

mathematical s i n g u l a r i t i e s  o r  an abrupt  change i n  t h e  flow 
c h a r a c t e r i s t i c s  - n o t  a l i k e l y  phys ica l  r e a l i t y .  

t h e  flow i s  of Rayleigh type. This means t h a t  

Higher o r d e r  approximations s t i l l  show t h e  e x i s t a n c e  of 



3.2. External  flow underqoinq an impulsive increase i n  ve loc i ty .  

Watson (1958) considtlred t h e  problem of t h e  e x t e r n a l  
f l o w  v e l o c i t y  over  a p l a t e  undergoing an impulsive i n c r e a s e  
t o  a new value. Thus wk) i s  cons t an t  a t  one va lue  for 6 C 0 

and a h igher  cons tan t  a t  t 7 0  . H i s  a n a l y s i s  showed t h a t  t h e  
sk in  f r i c t i o n  rises sha rp ly  a t  t h e  moment of impulse and then 
g radua l ly  decays t o  a h igher  l i m i t i n g  value.  T h i s  r e s u l t s  from 
t h e  formation of a secondary boundary l a y e r  nex t  t o  t h e  p l a t e  
and whose th i ckness  i s  of t h e  o rde r  . T h i s  secondary l a y e r  
i s  described by Stokes '  f irst  problem ( o r  Rayleigh l a y e r )  i n  
t h e  beginning and i t s  growth g radua l ly  causes  t h e  d i s t o r t i o n  
of t h e  primary l a y e r  t o  i t s  new shape. 

i s  t h a t  a sepa ra t ing  boundary l a y e r  when exposed t o  a sharp  
inc rease  i n  free stream v e l o c i t y  must exper ience  an i n c r e a s e  i n  
sk!n f r ic t im such t h a t  t h e  po in t  of sepa ra t ion  is moved 
f u r t h e r  downstream. This  may account for s t a l l  h y s t e r i s i s  
effects t o  he described i n  more d e t a i l  I(?ter on. 

A p o i n t  of cons iderable  i n t e r e s t  a r i s i n g  from t h i s  f e a t u r e  

3.3. Boundary l a y e r  formation i n  acce le ra t ed  motion. 

B las ius  also c a l c u l a t e d  t h e  boundary l a y e r  formation f o r  
acce le ra t ed  motion of a body and t h e  r e s u l t s  are v e r y  similar 
t o  those of impulsive s t a r t i n g .  
The p o t e n t i a l  v e l o c i t y  of t h e  body i s  now given as: 

c c o  d ( . X > k >  = 0 

t 7 0  d ( X >  e )  t . W ( J 4  
Following t h e  method of success ive  approximations,out-  

l i n e d  earlier,  a stream funct ion  is def ined  a s  

and equat ions  for  f ,  and 5 ,  r e s u l t  i n :  
5 ' "  t 2 + 4 ' - -  4 $.' = -4- 

I l l  - 2 q q , *  4 2 < ;  r: - 4  4 (g - f * y ' ' )  
with boundary coiidit  i o n s  



The s o l u t i o n  for  1) i s  given as c '  
3.4. The f l o w  n e a r s ;  Wscillatinq f l a t  plate. 

This problem was f irst  solved by Stokes and i s  knobM as 
Stokes '  -- second prob&mA 
motions of e i ther  t h e  body o r  t h e  free stream. It i s  a fac t  
t h a t  s teady  f l c w  i s  a l i m i t i n g  case of unsteady f l o w  and t h i s  
s e rves  t o  emphasize t h e  imp r tance  of i t s  study. 

Stokes '  second problem was concerned w i t h  a t i m e  averaged 
s t a t i o n a r y  semi i n f i n i t e  volume of f l u i d  bounded by an i n f i n i t e  
impervious r i g i d  p l a t e  performing harmonic o s c i l l a t i o n s .  

T h i s  s t a r t s  t h e  d i scuss ion  of harmonic 

Thus the boundary cond i t ions  de f in ing  the  problem are:  

U& fit for a l l  t 

equat ion 4 can be solved assuming a separable  solutiontx? give: 

L i ( y , t = )  = uee 6dQ-L) Tqn . 13. -1 

where n = harmonic o s c i l l a t i o n  frequency i n  rad/sec.  
The s o l u t i o n  i s  sketched i n  Fig.2 f o r  s e v e r a l  i n s t a n t s  

a p a r t  osc i l la te  i n  phase 
of time. The i n t e r e s t i n g  f e a t u r e  of t h i s  damped harmonic 
wave is t h a t  f l u i d  l a y e r s  J l l J x W f i '  
and t h i s  s epa ra t ion  i s  sometimes known as  a dep th  of pene t r a t ion  
of t h e  v iscous  wave. The boundary l a y e r  depth  has a th ickness  
of order 

Eqn. 14. 

This  also has  a similar analogy i n  h e a t  transfer. By an 
appropr i a t e  coord ina te  t ransformat ion ,  the s i t u a t i o n  of a 
s t a t i o n a r y  su r face  under a;; o s c i l l a t i n g  free stream can be obtained. 
This  n e c e s s a r i l y  involves  a v C r t u a l  p e s s u r e  f i e ld  t o  be i n -  
troduced t o  account f o r  i n e - - t i a l  effect. A l t e r n a t i v e l y ,  t h e  
p e r j + ' i c  s o l u t i o n  of equat ion  3 with 

- 7 -  



w i t h  boundary cond i t ions  

i s  Eqn. '5. 

Thus an equal and oppos i t e  o s c i l l a t i n g  v e l o c i t y  has  merely 

The p r i n c i p l e  f e a t u r e  of in te res t  contained i n  equat ion 
been added t o  equat ion 5. 

15 i s  t h a t  t h e  sk in  f r i c t i o n  o r  v e l o c i t y  g rad ien t  a t  t h e  s u r f a c e  
leads t h e  f r e e  stream v e l o c i t y  by n/4 
3.5. L&teady Couet te  I flow. 

T h i s  problem is similar t o  Stokes '  second problem but  
with t h e  flow f l u c t u a t i n g  v e l o c i t y  n o t  zero  a t  i n f i n i t y  but  
a d i s t a n c e  d from t h e  p l a t e .  Thus we can provide a so lu t ion  
fo r  two ou t  of phase o s c i l l a t i n g  i n f i n i t e  p a r a l l e l  p l a t e .  
( C o u e t t e  flow). 

t r a n s f e r ,  and t h e  s o l u t i o n  as found by t h e  au tho r  i s  given below. 

cond i t ions  

The problem again has  a similar analogy i n  hea t  

Equation 4 i s  t h e r e f o r e  t o  be solved w i t h  the b u ? d a r y  

fl ( o , t - )  = 0 rrf- y = 0 

Lt ( g , t )  = U O C ~ J ~ ~  a+ tj  = 6 

where d = d i s t a n c e  a p a r t  of p l a t e s  

n = harmonic frequency 

Assuming a separable  s o l u t i o n  and w r i t i n g  

. 
d -  

t h e  genera l  s o l u t i o n  becomes 

This can be cons iderably  s impl i f i ed  when b and d are much 
smaller than uni ty .  Hence 

- 0 -  



Eqn. 17. 

Also t h e  shear  stress i s  propor t iona l  t o  

CC, 2~ n t S'A n t 
6' & =  

dY 
so a t  t h e  wall  t h e  shear stress becomes zero. 

Another s i m p l i f i c a t i o n  
t y p i c a l l y  above TI 

Hence - u o  

e- Ub 

P l o t s  of varying i n s t a n t s  i n  
seen i n  Fig. 3. 

can be made when b and d a r e  large - 

t i n e  and p l a t e  s epa ra t ions  can be 

3.6. Per iod ic  Boundary Layer i n  t h c e s e n c o  of a mean f l o w .  

For t h e  cases  where boundary l a y e r  theory  i s  app l i cab le  
equa t i .  IS 1 and 2 w r i t t e n  more f u l l y  f o r  two dimensional flow 
are : 

au u JU + V U r $  + L lb& t -J a& 
at: dx 39 3t 3 X  $9 

a r  G 
and & - + h  - 0  

When cons ider ing  t h e  case of an o s c i l l a t i n g  free stream 
above a p l a t e ,  Sch l i ch t ing  (1932) followed t h e  approach ou t l ined  
below: 
Rewriting the  equat ion above: 

i f  2, 
nL 

t h e  wal l )  t h e  terms on t h e  r i g h t  hand side are zero or  small 
compared t o  those  on t h e  left.  Providing w e  i n t end  t o  f i n d  
t h e  f irst  o r d e r  o s c i l l a t i n g  motion and t h e  dominant p a r t  o f  
t h e  r e s u l t i n g  second o r d e r  s teady  motion then t h e  boundary 
l a y e r  approximated equat ions  abme are va l id .  

i s  small, (where c = t i p i c a 1  length  scale p a r a l l e l  t o  

- 9 - *  



Defining 

a first approximation t o  t h e  stream funct ion  q, i s  

Eqn. 18. 

where t h e  free stream o s c i l l a t i n g  v e l o c i t y  i s  

T h i s  refers to tha t  p a r t  of t h e  boundary layer which has a 
harmonic response similar i n  frequency to the e x t e r n a l  flow. 
The skin f r i c t i o n  has a phase lead of T!/4 over the v e l o c i t y  
f l u c t u a t i o n s  . 

The ccmponent of v e l o c i t y  p a r a l l e l  t o  t h e  w a l l  is  given 
by equat ion 15 but  t h e  f l o w  v e l o c i t y  no-mal to the  w a l l  is: 

Outside t h e  boundary l a y e r  t h e  t h i r d  t e r m  t e n d s  to  zero; 
t h e  f irst  term is the  con t r ibv t ion  r e s u l t i n g  from c o n t i n u i t y  
and t h e  second t e r m ,  t h e  displacement effect of the  boundary 
layer on t h e  e x t e r n a l  f l o w ,  otherwise known as t he  d i f f u s i o n  
of periodic v o r t i c i t y .  

response o r  non l i n e a r i t y  and also t h a t  a s t eady  flow e x i s t s  
o u t s i d e  t h e  boundary layer .  The s t eady  motion is generated 
by t h e  Reynolds' stress associated w i t h  the  o s i l l a t o r y  p a r t  
of t h e  flow wi th in  the  boundary l a y e r  and i t s  p e r s i s t a n c e  
o u t s i d e  t h e  c s c i l l a t o r y  boundary l a y e r  because of the a c t i o n  
of v o r t i c i t y .  

streaming motion and a t y p i c a l  body length  was found to be 
an important parameter i n  t h e  va: l i t y  of t h e  equat ions.  

A higher  order approximation p r e d i c t s  a second harmonic 

A Reynolds 'nmber based on t h e  s teady  v e l o c i t y  of t h e  

- 10 - 



If R e  
equat ions  to  be v a l i d ,  Rayleiqh shawed t h a t  p e r i o d i c  v o r t i c e s  
are formed above t h e  surface.  This  was an explana t ion  of t h e  
mvernent of d u s t  particles i n  a K u d t  tube. 

l a y e r  a t  t h e  edge of which the v e l o c i t y  i s  zero. Within t h i s  

l a y e r  i t  i s  not  v a l i d  t o  neg lec t  the non l i n e a r  i n e r t i a  terms 
and t h e  usual  boundary l a y e r  i d e a s  show t h a t  i t s  th i ckness  i s  
of t h e  o r d e r  

i s  small enough for l i n e a r i s a t i o n  of t h e  Navier S tokes?  

If Re is l a rge , .  there e x i s t s  a second o u t e r  boundary 

where 1 = body l eng th  
Ua = m y  maxirnm v e l o c i t y  

This  is  much t h i c k e r  than t h e  i n n e r  boundary l a y e r  of th ickness  
=e= JJ/.' because n( was assuned l a r g e .  

Uma 

3.7. A laminar boundary layer wi th  -I f 1 u c t u a t i . s  impnsed on 
- t h e  free strgcm velocitlr_z_ 

T h i s  problem w a s  solved by both Lin (?95C)  and L i g h t h i l l  
(1954)  and on ly  considers f l u c t u a t i o n s  i n  magnitude and n o t  
d i r e c t i o n  of the free stream. 

where 6 is t h e  unperturbed boundary l a y e r  depth.  It is 
propor t iona l  to n L  where l l c  is t h e  mean free stream v e l o c i t y  
and 
v e l o c i t y  c o n s i s t s  of a s t eady  va lue  &IJ and a small  harmonic 
p e r t u r b a t i m  6 b ebt A t  t h e  edge of t h e  boundary l aye r ,  

A frequency parameter of i m  portance is -_ ci 6' 
U 

1- f a typical l eng th  p a r a l l e l  t o  t h e  body. The free stream 

in 1) 
( x ,  l-j = L ( z ) (  I + ce 

Allowing t h e  v e l o c i t i e s  u and v i n  t h e  boundary l a y e r  tu have 
harmonic pe r tu rba t ions  g i v e s  

,h t u = U,,(*>v> c u , e  
( 'A b 

v = vo ( x , y )  t € y ( r , y k  
where Uland V, are t h e  f l u c t u a t i n g  p a r t s  of t h e  v e l o c i t i e s  i n  
t h e  boundary layer .  

t h e  f l u c t u a t i n g  component 
By assuming that E i s  small l i n e a r i s a t i o n  produces for 
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Now p u t t i n g  
are of t h e  order A and using the  fact that(L(s,dl)  i s  a 
s o l u t i o n  for fl + O  w e  get 

(Ll,,v, 1 = (ur, VC) +(U* ,b'n) where cup, vn) 

1 in*,+ u* bLL, & L&J +va&& u, JLC, -d++ = C n ( &  - L c r )  
as d l  29 JY J Y '  

Subject to boundary cond i t ions  I l n  = vfl = a  & y = o  

3% + b x -  5 0 
a x  3.3 

U,, --3 a G L J ~  e* 

Using a K&man-Pohlhausen method L i g h t h i l l  s h o w e d  t h a t  

Eqn. 21. 

For l a r g e  va lues  of - n$' 
3 

, equa t ions  20 s impl i fy  to:' 

and u, - c l . ( x )  - 3  Y - -  

Eqn. 22. 

This  is equ iva len t  to  Stokes '  o s c i l l a t i n g  p lane  s o l u t i o n  
and shows t h a t  t h e  boundary l a y e r  on ly  has a non ins tan taneous  
response c l o s e  t o  Lhe wall i.e. wi th in  a normal S tokes '  l'ayer 
which is of th i ckness  

The s k i n  frictims derived from equat ions  2 1  and 22 
both show a phase lead ove r  t h e  free stream o s c i l l a t i n g  flow. 

- 12 - 



3.8. The flow nea r  an o s c i l l a t i n q  ---- s t aqna t ion  p o k n k  

T h i s  forms a combinatlon of two classical flows - namely 

--_I_- 

plane  s t aqna t ion  p o i n t  'low a g a i n s t  a plane w a l l  and an i n f i n i t e  
w a l l  o s c i l l a t i n g  i n  an o therwise  s t a t i o n a r y  f l u i d ,  

by = UO +CU,ecllt  w h i l s t  t h e  normal component i s  w = 
where C(4 , U , , ~ ~ , W I  are func t ions  of X and lj G o  -+ € U t e -  

As y t ends  to  i n f i n i t y  UU- t e n d s  to  r(x and w o  t ends  to -9 + o*cs J.-.' 
where a = constant .  D e f i n i n q q =  y j $  t h e  s t eady  v e l o c i t i e s  
wi th in  t h e  boundary layer'are given by U. - n x { & l )  

The component of v e l o c i t y  p a r a l l e l  t o  the  wall. is denoted 

\ nt 

1 

- .  
and do= -jdJ#ql 

The above equat ions  for t h e  s teady  v e l o c i t i e s  were 
obtained by B las ius  when consider ing plane s t agna t ion  flow a t  
t h e  f r o n t  of a l a r g e  cy l inder .  

cond i t ions  t h a t  U, reduces to a given va lue  a t  t h e  0- i l l a t i n g  
w a l l  and to  zero a t  l a r g e  d i s t a n c e s  f r o m  the w a l l  whil,t r J t  

i s  zero a t  t h e  w a l l .  An exac t  s o l u t i o n  of the  Navier Stokes 
equat ions  e x i s t s  for a l l  va lues  of and 13L i n  t h e  form 

The problem then is  to  f i n d  b4, and C ) ,  subject to the 

u, = Q  when s a t i s f i e s ,  

The quas is teady  so lu t ion  as & t ends  t o  zero is 
& 

4 .  
Thus :he v e i o c i t y  for t h e  f l . o w  impinging on a w a l l  

moving w i t h  cons t an t  v e l o c i t y  i s  given by 

U - 
b J =  - 1 4 3  f0- l )  

Por large values 052 the s o l u t i o n  con ta ins  as a first 
term t h e  s o l u t i o n  t o  an o s c i l l a t i n g  wal l  with zero mean flow 
mainly b e c a u s e F  is  much greater than ,/= 
there i s  l i t t l e  i n t e r a c t i o n  between t h e  two p..rrts of t h e  flow. 

so t h a t  

The s k i n  f r ic t ion  phase lead t ends  to  flh as i n -  
-creases and also t h e  amplitude t ends  t o  grow as 
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3.9. Separa t ion  i n  an unsteady laminar bmndary  layer .  

Separa t ion  i n  a l a m i n a r  boundary l a y e r  i s  caused by t h e  
i n a b i l i t y  of t h e  l a y e r  t o  remain a t t ached  when an adverse 
p re s su re  g r a d i e n t  of s u f f i c i e n t  va lue  e x i s t s .  This  i s  charac- 
terised by t h e  loss of shea r  stress or z e r o ' s l o p e  of t h e  
v e l o c i t y  p r o f i l e  a t  t h e  w a l l .  The f l u i d  p a r t i c l e s  nea re r  t he  
wal lpossess  lower k i n e t i c  energy and t h u s  when a c o n s t a n t  
nega t ive  p re s su re  g r a d i e n t  is impressed on t h e  boundary l a y e r ,  
t h e  p r o f i l e  p rogres s ive ly  s u f f e r s  zero o r  nega t ive  s lope  from 
t h e  wall nutwards as t h e  pressure  g r a d i e n t  increases .  T h i s  

d e f i n i t i o n  i s  unambiguous and g e n e r a l l y  a p p l i c a b l e  i n  s t eady  
f l o w s .  

However, i n  unsteady flow t h i s  simple c r i t e r i o n  cannot 
be unequivicably appl ied  because a zero  or nega t ive  p r o f i l e  
can occur  a t  s e v e r a l  p o i n t s  i n  t h e  l a y e r  and y e t  n o t  necessar i ly  
r e s u l t  i- a boundary l a y e r  edge s t r eaml ine  deformation caused 
by viscous- invisc id  i n t e r a c t i o n .  The unsteady boundary l a y e r  
equat ions  p r e d i c t  p r o f i l e  i n f l e c t i o n s  and z e r o  s lope  p o i n t s  
even when t h e  boundary l a y e r  approximations a r e  assumed va l id .  
No i n v i s c i d  i n t e r a c t i o n  is  predic ted  and t h u s  t h e  s teady  
s t a t e  def j r i i t io r i  of sepa ra t ion  is  n o t  acceptable .  

inves+i.c_:ition of t h e  unsteady sepa ra t ion  of a laminar 
boundary l a y e r  s u b j e c t  to  a p e r i o d i c a l l y  varying nega t ive  
p ? s u r e  g rad ien t  and free stream ve loc i ty .  The r e s u l t s  
i nd ica t ed  t h a t  s epa ra t ion  o f  such a l a y e r ,  r e s u l t i n g  i n  
vi:;cous - i n v i s c i d  i n t e r a c t i o n  and thus  boundary l a y e r  o u t e r  
s t r eaml ine  deformation could be reasonably def ined  as occuriny 
when tYAe p r o f i l e  g r a d i e n t  was zero or  less o v e r  the complete 
cy.1e. They caused good c o l l a p s e  of data by an empir ica l  
formi la  given b e l o w ;  

Despc:.d and Miller (1971) carried o u t  an experimental  

- a . L (  o . 4 3 ~  

A A I  = ~ 5 s -  X J  = 1 . 1 3  xiO7 fL-''l7 f-azr # 
% 5 s  

where e =  j x ; x  
L 

1'' 0 3 (2) d+$$!I, p 
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x o  = 

Re = 

f r a c t i o n  movement of sepa ra t ion  point .  
s teady  f l o w  s epa ra t ion  p o i n t .  
unsteady flow sepa ra t ion  po in t  (Note t h a t  by t h e  
d e f i n i t i o n  given above, t h i s  po in t  i s  s t a t i o n a r y )  
po in t  a t  which t h e  p re s su re  g rad ien t  becomes 
p o s i t i v e  for t h e  l as t  t i m e .  

CCrl 

LA = f r e e  stream mean v e l o c i t y  
gu = free stream v e l o c i t y  per turba t ion .  

n = harmonic frequency of f l o w  o s c i l l a t i o n .  
The s t rong  dependance of sepa ra t ion  po in t  movement on 

Reynolds number is obvious s i n c e  t h e  faster flow boundary 
l a y e r s  have g r e a t e r  k i n e t i c  energy and thus  fo r  t h e  same 
flow per tu rba t ion  are less affected t h a n  t h e i r  slower flow 
counterpar t s .  The frequency dependance i s  such t h s t  a s  t h e  

frequency rises, t h e  unsteady sepa ra t ion  p o i n t  moves towards 
t h e  steady flow point .  This  is also i n t u i t i v e  because a s  
t h e  frequency rises t h e  Stokes l a y e r  becomes non i n t e r a c t i v e  
with t h e  main l a y e r  by v i r t u e  o f  i t s  th inness  ( 0  F )  
and t h e  main l a y e r  merely responds q u a s i s t e a d i l y  t o  t h e  flow 
v e l o c i t y  changes. Thus a t  high f r equenc ie s  t h e  dominant 
v i scous  effects a t  t h e  w a l l  obv ia t e  separa t ion .  

4.1. A Turbulent Boundary layer with a f l u c t u a t i n q  f r e e  
stream. 

The major d i f f i c u l t y  i n  a mathematical t rea tment  of t h i s  
problem is t h a t  t h e  responses  due t o  a series o f  small  changes 
of i n p u t  cannot be superimposed t o  g i v e  a f i n a l  response as 

i n  l i nea r  problems. The  unsteady t u r b u l e n t  boundary l a y e r  
depends on t h e  ins tan taneous  free stream v e l o c i t y  and a l s o  
i t s  p a s t  h i s to ry .  

Karlsson (1958) conducted an experimental  i n v e s t i g a t i o n  
i n t o  t h i s  prcjblem and found t h a t  f o r  f requencies  from 0-48 Hz 
and free stream f l u c t u a t i o n s  of up t o  34% of t h e  ntean, b a r e l y  
d e t e c t a b l e  non ins tan taneous  response occured. 
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H e  concl-uded t h a t  a t  a Reynolds number based on momentum 
th i ckness  of 3.6 x l o 3 ,  t h e  ins tan taneous  boundary l a y e r  could 
be ca l cu la t ed  from a knowledge of t h e  ins tan taneous  f r e e  
stream ve loc i ty .  The f l u c t u a t i n g  free stream had very  l i t t l e  
f l u c t u a t i n g  s t a t i c  pressure.  

t o  a f l u c t u a t i n g  p res su re  g rad ien t  be-non l i n e a r  owing to  
v iscous  i n v i s c i d  i n t e r a c t i o n .  It i s  poss ib l e  t h a t  t h e  o u t e r  
edge o f  t h e  t u r b u l e n t  boundary l a y e r  responds i n  such a way 
and also t h a t  t h e  f l u i d  ad jacen t  t o  t h e  su r face  changes 
c h a r a c t e r  from viscous  t o  i n v i s c i d  flow i f  sepa ra t ion  i s  
imminent .  These l i k e l y  p r o p e r t i e s  of boundary l a y e r s  subjec ted  
t o  f l u c t u a t i n g  p res su re  g r a d i e n t s  seem a probable  explana t ion  
of t h e  effect of s t a l l  h y s t e r i s i s  on aerofoils. 
Golfdsbin con ta ins  an account of t h i s  phenomenum and it i s  
t h u s  known from experiment t h a t  a f a s t  inc idence  in:rease 
nea r  s t a l l  can r e s u l t  i n  a high l i f t  i n c r e m e n t  - g r e a t e r  
than t h a t  expected from quas i - s teady  theory. The d e l a y  of 
separa t ion  seems t h e  probable  cause. Conversely, a sharp  
drop  i n  inc idence  r e s u l t s  i n  an *Undershoot" of l i f t  probably 
caused by non reat tachment  of t h e  f l o w .  

It is i n t u i t i v e  t h a t  the  response of a 'boundary l a y e r  

5 . 1 . c- Concluding R-emark s. 

The p r i n c i p l e  f e a t u r e s  o f  incompressible  unsteady 
boundary l a y e r  a n a l y s i s  have been ou t l ined  and i t  i s  ev iden t  
from t h e  w o r k s  described t h a t  t h e  most important p r o p e r t i e s  
were discovered by Stokes and Rayleigh prior t o  Prandt lk  
boundary l a y e r  theory.  

Scokesl first problem, t h e  accelerated wall evolves  
and becomes t h e  B las ius  s teady  s ta te  laminar boundary l a y e r ,  
w h i l s t  h i s  second problem, t h e  o s c i l l a t i n g  wall provides  
t h e  i n n e r  wall s o l u t i o n  t o  t h e  work done by Lin and L i g h t h i l l .  
Also, t h e  w e l l  known parameter d i f f u s i o n  t i m e  r e s u l t s  from 
the ana lys i s .  (Di f fus ion  time = & where 6 = d i s t a n c e  
over  which t h e  v o r t i c i t y  or momentum t r a n s p o r t  acts and 9 
t h e  k i n e t i c  v i scos i ty . ) .  

steady-streaminq - or  an o u t e r  boundary l a y e r  near  an o s c i l l a t i n g  
body. This  results from n e t  mean motion caused by t h e  

Rayleigh discovered mathematically t h e  e x i s t a n c e  of 

- 16 - 



Reynolds' stresses generated by the  o s c i l l a t i n g  flow and thus '  
e x p l a i n s  t h e  motion of d u s t  p a r t i c l e s  i n  a Kundt tube. 

F i n a l l y ,  l i t t l e  theoretical  work has  been done on 
t u r b u l e n t  boundary l a y e r s  because i t s  non l i n e a r i t y  o b v i a t e s  
exact o r  simple approximated so lu t ions .  

much h igher  than ?, , as i n  s t eady  s ta te  mixing l eng th  t h e o r i e s ,  
one would expec t  t h a t  t h e  S t o k e s '  l a y e r  would be much t h i c k e r  
and thus  be a p r o p o r t i o n a t e l y  more important  p a r t  of ' q L t  

unsteady t u r b u l e n t  boundary layer .  The experimental  work 
started by Karlsson d i d  n o t  v e r i f y  t h i s  because t h e  laminar 
sublayer  was almost three t i m e s  as  deep as t h e  Stokes' l a y e r  
and t hus  a t u r b u l e n t  Stokes '  l a y e r  could n o t  occur.  

However, by assuming t h a t  t h e  e f f e c t i v e  v i s c o s i t y  i s  

It w a s  f i n a l l y  pointed o u t  t h a t  probably t h e  most i m -  
p o r t a n t  unsteady boundary l a y e r  effect r e s u l t e d  from sep- 
aration po in t  motion thus  al lowing v iscous  - i n v i s c i d  i n t e r -  
ac t ion .  
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